
Fundamental Theorem of 
Calculus 

How do you find the area 
underneath a curve? 



How can we determine the exact area 
underneath a curve? 

(Average 𝒚 value from 0 to 3) x (The width, 3)  
= Area Under the Curve 

How can we come up with the average 𝑦 value between 0 and 3? 



How can we find the average slope or average 𝒇′(𝒙) on 
the interval [𝒂, 𝒃]? 

How can we find the average 𝒇′′(𝒙)? 

How can we find the average 𝒇(𝒙)? 

Average Rate of Change = Average Slope = Average 𝑓′(𝑥) 

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑓′(𝑥) =
𝑓 𝑏 − 𝑓 𝑎  

𝑏 − 𝑎
 

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑓′′(𝑥) =
𝑓′ 𝑏 − 𝑓′ 𝑎  

𝑏 − 𝑎
 

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑓(𝑥) =
𝑔 𝑏 − 𝑔 𝑎  

𝑏 − 𝑎
 

By taking the average rate of change of the Antiderivative!!  𝑔 𝑥  



𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑓(𝑥) =
𝑔 𝑏 − 𝑔 𝑎  

𝑏 − 𝑎
 

𝐴𝑣𝑔. 𝑓 𝑥 𝑏 − 𝑎 = 𝑔 𝑏 − 𝑔 𝑎  

𝑨𝒓𝒆𝒂 = 𝒈 𝒃 − 𝒈 𝒂  



 𝒇 𝒙 𝒅𝒙
𝒃

𝒂

= 𝒈 𝒃 − 𝒈 𝒂  

 

If a function is continuous from [a,b].  The area 
under a curve from [a,b] can be found by 
taking the antiderivative, 𝑔(𝑥), and finding the 
difference 𝑔 𝑏 − 𝑔 𝑎 . 

The Fundamental Theorem of Calculus 



Find the area under the curve of 
𝑓 𝑥 = 𝑥2 + 1 from 𝑥 = 0 to 𝑥 = 3. 

*Check with your calculator (Home, F3, 2). 

 𝑥2 + 1  𝑑𝑥
3

0

 = 
1

3
𝑥3 + 𝑥 

1

3
3 3 + 3 −

1

3
0 3 + 0  

 

= 12 𝑢𝑛𝑖𝑡𝑠2 



Find the area under the curve of 𝑓 𝑥 = 𝑒𝑥 
from 𝑥 = 0 to 𝑥 = 3. 

 𝑒𝑥
3

0

𝑑𝑥 

 

𝑒𝑥 0
3 

 
𝑒3 − 𝑒0 

 

 𝑒𝑥
3

0

𝑑𝑥 = 𝑒3 − 1 

 

 



Find the area visually using calculator. 

• First graph the function. 

 

• After graphing, Press F5, 7. 

• For lower limit, Press 0. 

• Then the area will be shaded 
and answer given at bottom. 

• For upper limit, Press 10. • 𝑦 = 𝑥 + 5 



Find the area visually using calculator. 

First graph the function. 

 

After graphing, Press:  

Menu > Analyze Graph > Integral 𝒚 = 𝒙 + 𝟐 



For lower bound, Press 0. 

Then the area will be shaded and 
answer given inside the integral. 

For upper bound, Press 10. 

(You can also move cursor and select 
upper and lower bound). 





Positive and Negative Area…. 

-If all area above the 𝑥 𝑎𝑥𝑖𝑠 then definite 
integral is positive . 

-If all area below the 𝑥 𝑎𝑥𝑖𝑠 then the definite 
integral is negative. 



Definite vs. Indefinite 

*Note: A definite integral has an upper and lower 
limit.   An indefinite integral does not.   

 

 Definite:    𝒙𝟐 + 𝟑
𝟓

𝟐
 𝒅𝒙       

  

 Indefinite:    𝒙𝟐 + 𝟑  𝒅𝒙   

 



What happened to the C? 

= 𝑥3 +
5

2
𝑥2 − 4𝑥 + 𝐶

1

3

 

= 27 +
45

2
− 12 + 𝐶 − 1 +

5

2
− 4 + 𝐶  = 38 



Flipping the Integral 

 𝒇(𝒙)
𝟓

𝟐

𝒅𝒙 = 𝟓 

 

 

 𝒇(𝒙)
𝟐

𝟓

𝒅𝒙 = 



 𝑥
3

1

𝑑𝑥 

 

 

 

 𝑥
1

3

𝑑𝑥 

 

 



 𝒇 𝒙 𝒅𝒙
𝒃

𝒂

= 𝒈 𝒃 − 𝒈 𝒂  

 

If a function is continuous from [a,b].  The area 
under a curve from [a,b] can be found by 
taking the antiderivative, 𝑔(𝑥), and finding the 
difference 𝑔 𝑏 − 𝑔 𝑎 . 

The Fundamental Theorem of Calculus 



Fundamental Theorem of Calculus  

Orange (5.4)   Green/Yellow (6.4) 

 

(27-51 odd)  

(49 and 51 you can use calculator) 



Homework: 
 
 

 

Section 4.4   

P. 291 (1-9 odd, 19, 21, 23, 27-33 odd, 37, 41) 



 𝒇 𝒙 𝒅𝒙
𝒃

𝒂

= 𝒈 𝒃 − 𝒈 𝒂  Proof: 

𝑎 = 𝑥0 < 𝑥1 < 𝑥2……… < 𝑥𝑛−1 < 𝑥𝑛 = 𝑏 

𝑔 𝑏 − 𝑔 𝑎 = 𝑔 𝑥𝑛 − 𝑔 𝑥𝑛−1 + 𝑔 𝑥𝑛−1 −⋯− 𝑔 𝑥1 + 𝑔 𝑥1 − 𝑔 𝑥0  

𝑔 𝑏 − 𝑔 𝑎 =  𝑔(𝑥𝑖) − 𝑔(𝑥𝑖−1) 

𝑛

𝑖=1

 

By the Mean Value Theorem:   𝑔′ 𝑐𝑖 =
𝑔 𝑥𝑖 −𝑔 𝑥𝑖−1

𝑥𝑖−𝑥𝑖−1
 

𝑔 𝑥𝑖 − 𝑔 𝑥𝑖−1 = 𝑔′(𝑐𝑖)(𝑥𝑖 − 𝑥𝑖−1) 
 

 𝑔′(𝑐𝑖)(𝑥𝑖 − 𝑥𝑖−1) 

𝑛

𝑖=1

 𝑔 𝑏 − 𝑔 𝑎 = 

𝑥0 𝑥1 𝑥2 𝑥𝑛 

𝑎 𝑏 

𝑥𝑛−1 𝑥𝑛−2 



 𝑔′(𝑐𝑖)(𝑥𝑖 − 𝑥𝑖−1) 

𝑛

𝑖=1

 𝑔 𝑏 − 𝑔 𝑎 = 

Since 𝑔 is the antiderivative of 𝑓, 𝑔′ 𝑐𝑖 = 𝑓(𝑐𝑖) 

Furthermore:  𝑥𝑖 − 𝑥𝑖−1 = ∆𝑥𝑖   

 𝑓(𝑐𝑖)(∆𝑥𝑖) 

𝑛

𝑖=1

 𝑔 𝑏 − 𝑔 𝑎 = 

𝑥0 𝑥1 𝑥2 𝑥𝑛 

𝑎 𝑏 

𝑥𝑛−1 𝑥𝑛−2 

∆𝑥1  ∆𝑥2  ∆𝑥3  ∆𝑥𝑛  ∆𝑥𝑛−1  ∆𝑥𝑛−2  

𝑔 𝑏 − 𝑔 𝑎 =  lim
𝑛→∞
 𝑓(𝑐𝑖)(∆𝑥𝑖) 

𝑛

𝑖=1

 

 𝑓 𝑥 𝑑𝑥
𝑏

𝑎

= 𝑔 𝑏 − 𝑔 𝑎  

𝑔 𝑏 − 𝑔 𝑎 =  𝑓 𝑥 𝑑𝑥
𝑏

𝑎

 

= Area under 𝑓(𝑥) from [𝑎, 𝑏] 



Fundamental Theorem of Calculus:  
Substitution Rule and Changing Limits 

 𝑥 𝑥2 + 1 3𝑑𝑥 
1

0

 

 



Average Value 

What is the average Y-Value of a graph? 



What is the average value (height) of the 
function 𝑦 = 𝑒𝑥 on the interval [1,3]? 

First, take the area of under the curve 
from 1,3 . 
 
 
 
Second, make the area into a rectangle 
whose length is equal to 2.  
 
Since the area of the rectangle is length 
times height:   
 
 

 𝑒𝑥𝑑𝑥
3

1

 ≈ 17.367 

17.367 = 2 ∙ ℎ  

ℎ =  
17.367

2
≈ 8.684  

ℎ 



Average Value of a Function 

The average value of f on an interval [𝑎, 𝑏] is 
given as:               

1

𝑏 − 𝑎
 𝑓 𝑥 𝑑𝑥
𝑏

𝑎

 



Find the average value of 𝑓 𝑥 = 3𝑥2 − 2𝑥 on the 
interval [1,4].   



Average Velocity and Average Value 

The position of a function is given as  𝑠(𝑡) = 𝑡3 − 2𝑡 + 3, 
find the average velocity from [0,3]. 

 

 

 

Now use the Velocity function to find the average velocity 
from [0,3]. 

𝑠 3 − 𝑠 0

3 − 0
 =
24 − 3

3 − 0
=
21

3
= 7 

1

3
  3𝑡2 − 2
3

0

𝑑𝑡  =
𝑡3 − 2𝑡 0

3

3
 

=
27 − 6

3
= 7 

𝑣 𝑡 = 3𝑡2 − 2 



Homework 

6.3 (Green/Yellow)  5.3 (Orange) 

Definite Integrals and Antiderivatives 

(1, 3, 5, 11, 13, 15, 31, 33, 35) 

 

6.4 (Green/Yellow)  5.4 (Orange) 

(52, 63, 64) 

 

7.2 (Green/Yellow)   6.2 (Orange) 

(53-65 odd) 



 
1

  𝑥  
 𝑑𝑥 = ln |𝑥| + 𝑐 

𝑑

𝑑𝑥
ln 𝑥 =  

𝑑

𝑑𝑥
ln−𝑥 =  

Domain of 𝑦 = ln 𝑥 Domain of 𝑦 = ln(−𝑥) 

Why? 

 
1

  𝑥  
 𝑑𝑥 

ln 𝑥 , 𝑥 > 0 

ln−𝑥 , 𝑥 < 0 

ln |𝑥| , 𝑥 ≠ 0 



Second Fundamental Theorem of 
Calculus 

 

In the second fundamental theorem we are 
going to take the derivative of the integral over 

some interval.  



Example to Prove 2nd FTC Theorem….. 

𝑑

𝑑𝑥
 𝑡3𝑑𝑡 
𝑥

2

  

First take the integral….. 

 𝑡3𝑑𝑡 
𝑥

2

 

1

4
𝑡4
𝑥

2
=
1

4
𝑥4 −
1

4
2 4  

=
1

4
𝑥4 − 4 



Now take the derivative of this…… 

 
𝒅

𝒅𝒙

𝟏

𝟒
𝒙𝟒 − 𝟒  

 

𝒙𝟑 
 

𝒅

𝒅𝒙
 𝒕𝟑𝒅𝒕 = 𝒙𝟑
𝒙

𝟐

 



𝑑

𝑑𝑥
 𝑡3𝑑𝑡 = 𝑥3
𝑥

2

 

**Note “a” can be any constant because it  
will go away when we take the derivative. 



This just means that if we take the integral 
from a constant to the variable X, then the 
derivative of this will just be the function 
evaluated at x instead of t.    

*Note that t is the variable of integration (not x). 

Constant 

Variable 

Function evaluated at X 

Variable of Integration (t) 



2nd FTC and Chain Rule 

If the upper limit is more complicated, for 

example 𝒙𝟑 then you must also use the chain 
rule when finding the derivative.   

 

Example:  Find the derivative of…….  



𝑑

𝑑𝑥
 

The derivative of this is………  



The Chain Rule… 

𝒖 

𝒖 ∙ 𝒖′ 



More Second Fundamental Theorem Problems. 
 

𝑑

𝑑𝑥
 7𝑡2𝑑𝑡
5

𝑥

 



𝑑

𝑑𝑥
 7𝑡2𝑑𝑡
5

𝑥2
 

 



𝑑

𝑑𝑥
 7𝑡2𝑑𝑡
𝑥3

𝑥

 



𝑑

𝑑𝑥
 𝑓 𝑡 𝑑𝑡
𝑥

𝑎

= 

𝑑

𝑑𝑥
 𝑓 𝑡 𝑑𝑡
𝑢

𝑎

= 

𝑑

𝑑𝑥
 𝑓 𝑡 𝑑𝑡
𝑎

𝑢

= 

𝑑

𝑑𝑥
 𝑓 𝑡 𝑑𝑡
𝑢

𝑣

= 

𝑢 𝑥  
𝑣(𝑥) 



Finney Demana Homework 

 

Fundamental Theorem of Calculus 

Orange (5.4)   Green/Yellow (6.4) 

 

(7-19 odd, 57, 59) 


